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Abstract. We introduce a new class of Hardy spaces H'^^'''\'R"-), called 
Hardy spaces of Musielak-Orlicz type, which generalize the Hardy-Orlicz 
spaces of Janson and the weighted Hardy spaces of Garci'a-Cuerva, Stromberg, 
and Torchinsky. Here, ip : K" x [0, oo) — )> [0, oo) is a function such that 
(fi{x, •) is an Orlicz function and i) is a Muckenhoupt A^c weight. A func- 
tion / belongs to iJ'^^ ''^ (K") if and only if its maximal function /* is so that 
X i-T- Lp{x, \ f*{x)\) is integrable. Such a space arises naturally for instance 
in the description of the product of functions in and i3MO(R") 

respectively (see [6j). We characterize these spaces via the grand maximal 
function and establish their atomic decomposition. We characterize also 
their dual spaces. The class of pointwise multipliers for i?MO(M") charac- 
terized by Nakai and Yabuta can be seen as the dual of L'^(R") + H^°s(W) 
where H^°s{W^) is the Hardy space of Musielak-Orlicz type related to the 

Musielak-Orlicz function 9(x,t) = - — -, ; — r- ; — 7. 

^ ; ^ log(e+ |x|)+log(e + t) 

Furthermore, under additional assumption on ip{-^ •) we prove that if T is 
a sublinear operator and maps all atoms into uniformly bounded elements 
of a quasi-Banach space B, then T uniquely extends to a bounded sublinear 
operator from 77'^( ' )(R") to B. These results are new even for the classical 
Hardy-Orlicz spaces on M". 



1. Introduction 

Since Lebesgue theory of integration has taken a center stage in concrete 
problems of analysis, the need for more inclusive classes of function spaces 
than the LP(M'^)-families naturally arose. It is well known that the Hardy 
spaces iJP(M") when p G (0, 1] are good substitutes of L'PiW") when studying 
the boundedness of operators: for example, the Riesz operators are bounded 
on if^(M"), but not on Lp(]R") when p G (0, 1]. The theory of Hardy spaces 
on the Euclidean space M" was initially developed by Stein and Weiss 
["52j . Later, Fefferman and Stein [19j systematically developed a real- variable 
theory for the Hardy spaces H'^lMJ^) with p e (0,1], which now plays an 
important role in various fields of analysis and partial differential equations; 
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see, for example, [T51 UHl US]- A key feature of the classical Hardy spaces is 
their atomic decomposition characterizations, which were obtained by Coifman 
[Ti] when n = 1 and Latter [37] when n > 1. Later, the theory of Hardy 
spaces and their dual spaces associated with Muckenhoupt weights have been 
extensively studied by Garcia- Cuerva [21], Stromberg and Torchinsky \5^ (see 
also jm Uni [22]); there the weighted Hardy spaces was defined by using the 
nontangential maximal functions and the atomic decompositions were derived. 
On the other hand, as another generalization of Lp(M"'), the Orlicz spaces were 
introduced by Birnbaum- Orlicz in [3] and Orlicz in [IH], since then, the theory 
of the Orlicz spaces themselves has been well developed and the spaces have 
been widely used in probability, statistics, potential theory, partial differential 
equations, as well as harmonic analysis and some other fields of analysis; see, 
for example, [21 EH SO]. Moreover, the Hardy-Orlicz spaces are also good 
substitutes of the Orlicz spaces in dealing with many problems of analysis, 
say, the boundedness of operators. 

Let $ be a Orlicz function which is of positive lower type and (quasi- 
)concave. In [33], Janson has considered the Hardy-Orlicz space if*(M") the 
space of all tempered distributions / such that the nontangential grand max- 
imal function of / is defined by 

f*{x) = sup sup \f*(j)t{y)\, 

0e^]V \x-y\<t 

for all X G M", here and in what follows := t~'^(f){t~^x), with 

= I0 e 5(M") : sup(l + \x\f\d^(f){x) \ < 1 for a e N", |a| < n} 

with N = N{n,^) taken large enough, belongs to the Orlicz space L*(M"'). 
Recently, the theory of Hardy-Orlicz spaces associated with operators (see [121 
[131 [Ml EH]) have also been introduced and studied. Remark that these Hardy- 
Orlicz type spaces appear naturally when studying the theory of nonlinear 
PDEs (cf. [2H |29l [31]) since many cancellation phenomena for Jacobians 
cannot be observed in the usual Hardy spaces ifP(]R"). For instance, let / = 
(/\. ..,/") in the Sobolev class Vri'"(M",M") and the Jacobians J{x, f)dx = 
df^ A---A rf/", then (see Theorem 10.2 of [3T]) 

r(J(x,/)) GLi(M") + i7*(M") 

where $(t) = t/log(e + t) and r(/) = /log|/|, since J{xJ) G //^(M") (cf. 
|16j ) and T is well defined on H^{W^). We refer readers to [501 [2Qj for this 
interesting nonlinear operator T. 

In this paper we want to allow generalized Hardy-Orlicz spaces related to 
generalized Orlicz functions that may vary in the spatial variables. More pre- 
cisely the Orlicz function $(t) is replaced by a function ip{x, t), called Musielak- 
Orlicz function (cf. [T7]). We then define Hardy spaces of Musielak-Orlicz 
type. Apart from interesting theoretical considerations, the motivation to 
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study function spaces of Musielak-Orlicz type comes from applications to elas- 
ticity, fluid dynamics, image processing, nonlinear PDEs and the calculus of 
variation (cf. [HI HE]). 

A particular case of Hardy spaces of Musielak-Orlicz type appears naturally 
when considering the products of functions in BMO{MP) and if^(M"') (see 
[6]); and the endpoint estimates for the div-curl lemma (see [HE]). More 
precisely, in |6j the authors proved that product of a BMO(M."') function and 
a if^(M"') function may be written as a sum of an integrable term and of a term 
in if^°^(M"), a Hardy space of Musielak-Orlicz type related to the Musielak- 
Orlicz function 9{x, t) = iog(e+|x|)+iog(e+t) • Moreover, the corresponding bilinear 
operators are bounded. This result gives in particular a positive answer to the 
Conjecture 1.7 in [7]. By duality, one finds pointwise multipliers for i?MO(]R"). 
Recall that a function g on is called a pointwise multiplier for i?MO(]R"), if 
the pointwise multiphcation fg belongs to BMO{W^) for all / in BMO{W). 
In [48j, Nakai and Yabuta characterize the pointwise multipliers for BMO{W^): 
they prove that 5^ is a pointwise multiplier for BMO{W^) if and only if g belong 
to L~(M") n 5M0>°e(K"), where 

5M0^°^(M") = 

= \fe LL(K") : II/IIbmo'o. := sup I ^^g^l + Me + |a|) f _ ^^^^^^^|^^ < ^ 

B{a,r) J 

B{a,r) 

By using the theory of these new Hardy spaces and dual spaces, we establish 
that the class of pointwise multipliers for i?MO(R") is just the dual of L^(]R") + 
H^°^[W^). Remark that the class of pointwise multipliers for i?AfO(]R") have 
also recently been used by Lerner [38] for solving a conjecture of Diening (see 
|17j ) on the boundedness of the Hardy-Littlewood maximal operator on the 
generalized Lebesgue spaces LP(^)(M") (a special case of Musielak-Orlicz spaces, 
for the details see [TTl 138]). 

Motivated by all of the above mentioned facts, in this paper, we introduce a 
new class of Hardy spaces i7'^(-'-)(M"), called Hardy spaces of Musielak-Orlicz 
type, which generalize the Hardy-Orlicz spaces of Janson and the weighted 
Hardy spaces of Garcfa-Cuerva, Stromberg, and Torchinsky. Here, : x 
[0, 00) — )■ [0, 00) is a function such that (p{x, ■) is an Orlicz function and (p{-, t) 
is a Muckenhoupt weight A^o- In the special case (p{x,t) = w{x)^{t) with 
w in the Muckenhoupt class and $ an Orlicz function, our Hardy spaces are 
weighted Hardy-Orlicz spaces but they are different from the ones considered 
by Harboure, Salinas, and Viviani [25] [26j. 

As an example of our results, let us give the atomic decomposition with 
bounded atoms. Let ip he a growth function (see Section 2). A bounded 
function a is a (f-atom if it satisfies the following three conditions 

i) supp a C -B for some ball B, 
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ii) ||a||L°° < IIxbIIl^, 

iii) a{x)x°'dx = for any |a| < [n{^^j — 1)], 

where q{ip) and i{ip) are the indices of (p (see Section 2). We next define 
the atomic Hardy space of Musielak-Orlicz type H'^}'''\m.'^) as those distri- 
butions / G iS'(]R") such that / = ^jbj (in the sense of iS'(]R")), where 
bj's are multiples of y^-atoms supported in the balls Bj's, with the property 
Ej fiBj, \\bj\\L<i^i^Bj)) < oo; and define the norm of / by 

||/||^.(.,.) = inf {Aoc({6,}) : / = in the sense of 5'(R'^)}, 

j 

where Aoc{{bj}) = inf |a > : Ej ^'(^i, ^^T^) < l} with ^{B,t) : = 
(f{x, t)dx for all t > and B is measurable. Then we obtain: 

Theorem 1.1. H'^i'''\w) = with equivalent norms. 

The fact that Aoo({&j}), which is the right expression for the (quasi-)norm 
in the atomic Hardy space of Musielak-Orlicz type, plays a central role in this 
paper. It should be emphasized that, even if the steps of the proof of such a 
theorem are standard, the adaptation to this context is not standard. 

On the other hand, to establish the boundedness of operators on Hardy 
spaces, one usually appeals to the atomic decomposition characterization, see 
[T^ ISZl , which means that a function or distribution in Hardy spaces can be 
represented as a linear combination of functions of an elementary form, namely, 
atoms. Then, the boundedness of operators on Hardy spaces can be deduced 
from their behavior on atoms or molecules in principle. However, caution 
needs to be taken due to an example constructed in Theorem 2 of [8]. There 
exists a linear functional defined on a dense subspace of if^(M"), which maps 
all (1, CX3, 0)-atoms into bounded scalars, but however does not extend to a 
bounded linear functional on the whole if^(M"). This implies that the uniform 
boundedness of a linear operator T on atoms does not automatically guarantee 
the boundedness of T from H^{W^) to a Banach space B. Nevertheless, by 
using the grand maximal function characterization of if (M"), Meda, Sjogren, 
and Vallarino [HI |12] proved that if a sublinear operator T maps all (p, g, s)- 
atoms when q < oo and continuous {p, oo, s)-atoms into uniformly bounded 
elements of Lp(M") (see also [10] [9] for quasi-Banach spaces), then T uniquely 
extends to a bounded sublinear operator from if^(M"') to L'p{W^). In this 
paper, we study boundedness of sublinear operators in the context of new 
Hardy spaces of Musielak-Orlicz type which generalize the main results in 
[111112]. More precisely, under additional assumption on (p{-,-): we prove that 
finite atomic norms on dense subspaces of if'^*^ '')(M"') are equivalent with the 
standard infinite atomic decomposition norms. As an application, we prove 
that if T is a sublinear operator and maps all atoms into uniformly bounded 
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elements of a quasi-Banach space B, then T uniquely extends to a bounded 
sublinear operator from H'^^'''\M."') to B. 

Using the theory of these new Hardy spaces and ideas from [6], we studied 
and established (see [35l |36]) some new interesting estimates of endpoint type 
for the commutators of singular integrals and fractional integrals on Hardy- 
type spaces. Recently, these spaces have developed in many directions (see 
[571 EH]), some their charcterizations and applications were also established 
and studied in [271 ES] • 

Our paper is organized as follows. In Section 2 we give the notation and 
definitions that we shall use in the sequel. For simplicity we write ip for 
(p{-,-)- One then introduces Hardy spaces of Musielak-Orlicz type if'^(M") 
via grand maximal functions, atomic Hardy spaces H^^'^'^ {K."') , finite atomic 
Hardy spaces H'^^''^{R"') for any admissible triplet {ip,q,s), i?MO-Musielak- 
Orlicz-type spaces i?MO'^(R'^), and generalized quasi-Banach spaces B^ for 
7 G (0, 1]. In Section 3 we state the main results: the atomic decompositions 
(Theorem 13. ip . the duality (Theorem 13.21) . the class of pointwise multipliers 
for i?MO(R") (Theorem 13.31) . the finite atomic decomposition (Theorem 13. 4p . 
and the criterion for boundedness of sublinear operators in if'^(M") (Theorem 
13.50 . In Section 4 we present and prove the basic properties of the growth 
functions ip since they provide the tools for further work with this type of 
functions. In Section 5 we generalize the Calderon-Zygmund decomposition 
associated to the grand maximal function on M" in the setting of the spaces of 
Musielak-Orlicz type. Applying this, we further prove that for any admissible 
triplet {ip,q,s), if'^(R") = if^'^''^(]R") with equivalent norms (Theorem 13. ip . 
In Section 6 we prove the dual theorem. By Theorem 2 in [5], one has to be 
careful with the argument "the operator T is uniformly bounded in //^(M") 
('if'^(M") here p{x,t) = w{x).tP in our context) on w-{p, oo)-atoms, and hence 
it extends to a bounded operator on iJ^(M")" which has been used in [2T] and 
[To] . In Section 7 we introduce log-atoms and consider the particular case of 
i/i°g(R"). Finally, in Section 8 we prove that || ■ and || ■ Wh^ are equiva- 

lent quasi- norms on H^^''^{M.^) when q < oo and on H'^^'^{W^) fl C(M") when 
q = oo, here and in what follows C(M") denotes the set of all continuous func- 
tions. Then, we consider generalized quasi-Banach spaces which generalize the 
notion of quasi-Banach spaces in [60] (see also [9]), and obtain criterious for 
boundedness of sublinear operators on H'^{W^). 

Throughout the whole paper, C denotes a positive geometric constant which 
is independent of the main parameters, but may change from line to line. The 
symbol f ^ g means that / is equivalent to g (i.e. C~^f < g < Cf), and [■] 
denotes the integer function. By X* we denote the dual of the (quasi-)Banach 
space X. In MJ^, we denote hj B = B{x,r) an open ball with center x and 
radius r > 0. For any measurable set E, we denote hj xe its characteristic 
function, by [E'l its Lebesgue measure, and by E'^ the set M"" \ E. 
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2. Notation and definitions 

2.1. Musielak-Orlicz-type functions. First let us recall notations for Orlicz 
functions. 

A function : [0, oo) [0, oo) is called Orlicz if it is nondecreasing and 
0(0) = 0; > Q,t > 0; lim-t^^ (l){t) = oo. An Orlicz function is said to 
be of lower type (resp., upper type) p, p & (— oo, oo), if there exists a positive 
constant C so that 

0(st) < Csy{t), 

for all t > and s G (0, 1) (resp., s G [l,oo)). One say that (f) is of positive 
lower type (resp., Unite upper type) if it is of lower type (resp., upper type) p 
for some p > (resp., p finite). 

Obviously, if </> is both of lower type pi and of upper type p2, then pi < p2. 
Moreover, if is of lower type (resp., upper type) p then it is also of lower 
type (resp., upper) p for — oo <p<p (resp., p <p < oo). We thus write 

i{(f)) := sup{p e (— oo, oo) : is of lower type p} 

I{(f)) :— inf {p e (— oo, oo) : is of upper type p) 

to denote the critical lower type and the critical upper type of the function 0. 

Let us generalize these notions to functions (/? : x [0, oo) — ^ [0, oo). 

Given a function (/? : M" x [0, oo) — )■ [0, oo) so that for any x G R", ^{x, ■) is 
Orlicz. We say that ip is of uniformly lower type (resp., upper type) p if there 
exists a positive constant C so that 

(2.1) ip{x,st) <CsP>p{x,t), 

for all a; G M"" and t > 0, s G (0,1) (resp., s G [l,oo)). We say that tp is 
of positive uniformly lower type (resp., finite uniform upper type) if it is of 
uniformly lower type (resp., uniform upper type) p for some p > (resp., p 
finite), and denote 

i{(p) :— sup{p G (— oo, oo) : </? is of uniformly lower type p} 

I{ip) := inf{p G (— oo, oo) : is of uniformly upper typep}. 

We next need to recall notations for Muckenhoupt weights. 
Let 1 < q < oo. A nonnegative locally integrable function w belongs to the 
Muckenhoupt class Aq, say w e Aq, ii there exists a positive constant C so 
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that 



j w{x)dx(^j^^ j {w{x))-^'^''-^'^dxy ^ <C, if 1< g < oo, 



B B 



and 



—— / w{x)dx < C ess-miw{x), if g = 1, 

\B\ J xeB 
B 

for all balls i? in R". We say that w G A^o if w E Ag for some g G [1, oo). 

It is well known that w E Ag, 1 < q < oc, implies w G A^. for all r > q. 
Also, if w E Aq, 1 < q < oo, then w G for some r G [l,q)- One thus write 
qw := inf{g > 1 : w G Ag} to denote the critical index of w. 

Now, let us generalize these notions to functions : M" x [0, oo) — > [0, oo). 

Let 99 : M" X [0, 00) — > C be so that x ^-> <f{x,t) is measurable for all 
t G [0, 00). We say that t) is uniformly locally integrable if for all compact 
set iiT in M", the following holds 

\f{x,t)\ ^ 
sup -J — j — ——ax < 00 

t>o Jk my^t)\dy 



whenever the integral exists. A simple example for such uniformly locally 
integrable functions is (f{x,t) = w{x)^{t) with w a locally integrable function 
on M" and $ an arbitrary function on [0, 00). Our interesting examples are 
uniformly locally integrable functions (p{x, t) = (iog(e+|x|)+iog(e+tp))p ' < p < 1, 
since they arise naturally in the study of pointwise product of functions in 
i7P(R") with functions in 5M0(M") (cf. [6]). 

Given : R" x [0, 00) — [0, 00) is a uniformly locally integrable function. 
We say that the function ip{-,t) satisfies the uniformly Muckenhoupt condition 
Aq, say ip G Aq, for some 1 < g < 00 if there exists a positive constant C so 
that 

^ J ip{x, t)dx. j ifix, t)-^/('?-^)dx) "'^ <C, if 1< g < 00, 



and 



B B 



1 



Lp{x,t)dx < C ess-infLp{x,t), if q 
B\ I xeB 



B 

for all t > and balls i? in R". We also say that ip G Aqo if 9? G for some 
g G [1, 00), and denote 

q{ip) := inf{g AJ. 

Now, we are able to introduce the growth functions which are the basis for 
our new Hardy spaces. 
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Definition 2.1. We say that : x [0, oo) — t- [0, oo) is a growth function 

if the following conditions are satisfied. 

(1) The function ip is a Musielak-Orlicz function that is 

(a) the function y:>{x, ■) : [0, oo) — )■ [0, oo) is an Orlicz function for all 
X e M", 

(h) the function if{-,t) is a Lebesgue measurable function for all t G 
[0,oo). 

(2) The function ip belongs to K^o- 

(3) The function ip is of positive uniformly lower type and of uniformly 
upper type 1. 

For ip a growth function, we denote m{ip) := ^(yj^ ~ 1 

Clearly, ip{x,t) = w{x)^{t) is a growth function if w G A^o and $ is of 
positive lower type and of upper type 1. Of course, there exists growth func- 
tions which are not of that form for instance ip{x,t) = [iog(e+{x[)]^+[iog(e+f)]T 
a G (0, 1]; /3, 7 G (0, oo). More precisely, 93 G Ai and ip is of uniformly upper 
type a with i{ip) = a. In this paper, we are especially interested in the growth 
functions ip{x,t) = (iog(e+|^.|)+iog(e+ff))p ' < P < 1> since the Hardy spaces of 
Musielak-Orlicz type if'^(R") arise naturally in the study of pointwise prod- 
uct of functions in H''^\M.'^) with functions in i?MO(]R"') (see also [5J in the 
setting of holomorphic functions in convex domains of finite type or strictly 
pseudoconvex domains in C"). 

2.2. Hardy spaces of Musielak-Orlicz type. Throughout the whole paper, 
we always assume that (/? is a growth function. 

Let us now introduce the Musielak-Orhcz-type spaces. 

The Musielak-Orlicz- type space L'^{W^) is the set of all measurable functions 
/ such that f^„ip{x,\f{x)\/ \)dx < 00 for some A > 0, with Luxembourg 
(quasi-) norm 



inf|A>0: j ip{x,\f{x)\/\)dx 



As usual, cS(M"') denote the Schwartz class of test functions on and 5'(M") 
the space of tempered distributions (or distributions for brevity). For m G N, 
we define 

5„(M") = {0 G 5(M") : II0IU = sup (1 + |x|)('"+2)(n+l)|5a^(^)| < A 

For each distribution /, we define the nontangential grand maximal function 
of / by 

f^{x) = sup sup 1/ * (j)t{y)\, X G M". 

tpeSmOS.") \y-x\<t 
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When m = m{ip) we write /* instead of /^(^). 

Definition 2.2. The Hardy space of Musielak-Orlicz type H'''(R"') is the space 
of all distributions f such that f* G L'^(]R") with the (quasi-)norm 



\\f\\H. ■■= iir 



\Lv- 



Observe that, when ip{x^ t) = w{x)^(t) with w a Muckenhoupt weight and $ 
an Orhcz function, our Hardy spaces are weighted Hardy-Orhcz spaces which 
include the classical Hardy-Orlicz spaces of Janson [33j = 1 in this context) 
and the classical weighted Hardy spaces of Garcia-Cuerva [21], Stromberg and 
Torchinsky [51] ($(t) = t^ in this context), see also [I5l [TOl [22] . 

Next, to introduce the atomic Hardy spaces of Musielak-Orlicz type below, 
we need the following new spaces. 

Definition 2.3. For each ball B in R", we denote L'^{B), 1 < q < oo, the set 

of all measurable functions f on MJ^ supported in B such that 

/supfii^^^MMf^ l<g<oo. 



l^oo < oo , g = oo, 

here and in the future (f{B,t) := ip{x,t)dx. 

Then, it is straightforward to verify that {L1^{B), || ■ Hl^^^^) is a Banach 
space. 

Now, we are able to introduce the atomic Hardy spaces of Musielak-Orlicz 
type. 

Definition 2.4. A triplet {(f,q,s) is called admissible, if q & {q{(f), oo] and 
s G N satisfies s > m{(f). A measurable function a is a {(f,q,s)-atom if it 
satisfies the following three conditions 
i) a E L^{B) for some ball B, 

Hi) a{x)x°'dx = for any \a\ < s. 

In this setting we define the atomic Hardy space of Musielak-Orlicz type 
if^''^'*(M") as those distributions / G iS'(R"') that can be represented as a sum 
of multiples of (y?, q, s)-atoms, that is, 

f = ^bj in the sense of 5'(R"), 

j 

where bj's are multiples of (v?, q, s)-atoms supported in the balls Bj's, with the 
property 
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We introduce a (quasi-)norm in H^^:'^'''^ [M."") . Given a sequence of multiples of 
(yj, g, s)-atoms, {bj}j, we denote 

(2.3) A,({6,}) = inf {a > : J2^{b,, Mi^^ < i| 
and define 

(2.4) WfWn:-^-' = inf [^{{bj}) : / = &i in the sense of 5'(R'^)}. 

j 

Let {ip, q, s) be an admissible triplet. We denote H^^'^iW") the vector space 
of all finite linear combinations of {ip, q, s)-atoms, that is, 

k 

where b/s are multiples of (v?, g, s)-atoms supported in balls -B/s. Then, the 
norm of / in H'^^''^{W^) is defined by 

k 

(2.5) 11/11^... = inf {a,({6,}J=i) : / = $^6,}. 

i=i 

Obviously, for any admissible triplet {ip,q,s), the set H^^''^(W^) is dense in 
if^''^'*(M") with respect to the quasi-norm || ■ ll//;^^''''''- 

We should point out that the theory of atomic Hardy-Orlicz spaces have 
been first introduced by Viviani [56j in the setting of spaces of homogeneous 
type. Later, Serra [51] generalized it to the context of the Euclidean space 
and obtained the molecular characterization. In the particular case, when 
(p{x,t) = $(t) the space H'^^'^''^(W') is the space considered in [ST]. We also 
remark that when (p{x,t) = w{x).tP,0 < p < 1, w a. Muckenhoupt weight, the 
space if^'''''^(R") is just the classical weighted atomic Hardy space if^'^'^(M") 
which has been considered by Garcfa-Cuerva [21j, Stromberg and Torchinsky 

2.3. BMO-Musielak-Orlicz-type spaces. We also need BMO type spaces, 
which will be in duality of the Hardy spaces of Musielak-Orlicz type defined 
above. A function / G LlM"") is said to belong to 5M0^(M") if 

WfWBMO^ ■= sup T — — / |/(a;) - fsldx < oo, 

B WxbWl^ j 

B 

where /s = /g f{^)dx and the supremum is taken over all balls S in M". 

Our typical example is EMO^(M"), called BMO^°^{W), related to (p{x, t) = 
iog(e+|x|)+iog(e+t) - Clearly, when ^{x,t) = t, then 5M0^(R") is just the well- 
known BMO{W^) of John and Nirenberg. We remark that when <f{x,t) = 
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w{x).t with w G then 5M0^(M") is just BMO^{W) was first in- 

troduced by Muckenhoupt and Wheeden [lH HS]. There, they proved that 
BMOJW) is the dual of H}(W) (see also HOl). 



2.4. Quasi-Banach valued sublinear operators. Recall that a quasi-Banach 
space i3 is a vector space endowed with a quasi-norm || ■ ||b which is nonneg- 
ative, non-degenerate (i.e., = if and only if / = 0), homogeneous, and 
obeys the quasi-triangle inequality, i.e., there exists a positive constant k, no 
less than 1 such that for all f,g eB, we have + < llfl'lle)- 

Definition 2.5. Let 7 G (0, 1]. A quasi-Banach space with the quasi-norm 
II ■ is said to be a 'y- quasi-Banach space if there exists a positive constant 
K, no less than 1 such that for all fj G B.y,j = 1, 2, m, we have 

m m 

Notice that any Banach space is a 1-quasi-Banach space, and the quasi- 
Banach spaces £^,L^(R") and if^(R") with p G (0,1] are typical p-quasi- 
Banach spaces. Also, when ip is of uniformly lower type p G (0, 1], the space 
i7'^(M") is a p-quasi-Banach space. 

For any given 7-quasi-Banach space B^ with 7 G (0, 1] and a linear space 
y, an operator T from 3^ to B^ is called S-^-sublinear if there exists a positive 
constant k, no less than 1 such that 

i) \\nf)~ng)\\s^<4Tif-g)\\s^, 

ii) for all fj G y, \j G C, j = 1, m, we have 



KEv.)|r <'^Ei^^-i'iTO)ii; 

We remark that if T is linear, then T is i3^-sublinear. We should point out 
that if the constant k, in Definition 12.51 equal 1, then we obtain the notion of 
7-quasi-Banach spaces introduced in [SD] (see also [H]). 

3. Statement of the results 

Our main theorems are the following. 

Theorem 3.1. Let {!f,q,s) be admissible. Then = H^^'^''{R'^) with 

equivalent norms. 

Denote by Lj^(]R"') the set of all bounded functions with compact support 
and zero average. As a consequence of Theorem 13.11 we have the following. 



Lemma 3.1. Let ip be a growth function satisfying nq{ip) < {n-\-l)i{ip) . Then, 
L^{W) IS dense m miW). 

We now can present our dual theorem as follows 
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Theorem 3.2. Let ip he a growth function satisfying nq{ip) < (n + 
Then, the dual space of H'p{W') is BM0^{W) in the following sense 

i) Suppose b e BMO'^iW'). Then the linear functional U : f ^ L^{f) := 
Jjg„ f {x)h{x)dx , initially defined for L'^ (W") , has a hounded extension to H'^i^). 

a) Conversely, every continuous linear functional on iJ'^(]R") arises as the 
ahove with a unique element b of BMO'^iW^). Moreover \\h\\BMO''' ~ ||-^fa||(H¥')* . 

Next result concerns the class of pointwise multipliers for BMO{W^). 

Theorem 3.3. The class of pointwise multipliers for BMO{W^) is the dual 
o/Li(R") +/Ji°s(R") where iJi°e(R") is a Hardy space of Musielak-Orlicz type 
related to the Musielak-Orlicz function 6[x,t) = iog(e+|a;|)+iog(e+f) • 

In order to obtain the finite atomic decomposition, we need the notion of 
uniformly locally dominated convergence condition. A growth function ip is 
said to be satisfy uniformly locally dominated convergence condition if the 
following holds: 

Given K compact set in M". Let {/m}m>i be a sequence of measurable func- 
tions s.t fm{x) tends to f{x) a.e x G W\ If there exists a nonnegative measur- 
able function g s.t \fmix)\ < g{x) a. c. x E M" and sup^^o g{x)j^^^^^^dx < 

oo, then sup^^g - f{x)\j^^^^dx tends 0. 

We remark that the growth functions (p{x,t) = w{x)^{t) and (p{x,t) — 
(iog(e+|a;|)+iog(e+tp))p ' < P ^ 1; Satisfy the uniformly locally dominated conver- 
gence condition. 

Theorem 3.4. Let ip he a growth function satisfying uniformly locally domi- 
nated convergence condition, and (</?, q, s) be an admissible triplet. 

i) If q E {q{(p), oo) then \\ ■ \\h'^-1'' and \\ ■ \\Hf are equivalent quasi-norms on 

a) II • llijv.oo.s and II • \\Hv are equivalent quasi-norms on ifgj^°°'*(M"') nC(M"'). 



As an application, we obtain criterions for boundedness of quasi-Banach 
valued sublinear operators in IT^{W^). 

Theorem 3.5. Let p) he a growth function satisfying uniformly locally domi- 
nated convergence condition, {p, q, s) he an admissible triplet, p be of uniformly 
upper type 7 G (0, 1], and be a quasi-Banach space. Suppose one of the fol- 
lowing holds: 

1 ^ 00); and T : H^^'^{W^) B-y is a B-y-sublinear operator such 

that 

A = sup{||Ta||g^ : a is a (p), q, s)— atom} < 00; 

a) T is a B^-suhlinear operator defined on continuous {p, 00, s)-atoms such 
that 

A — supdlTalle : a is a continuous (</?, 00, s)— atom} < 00. 



NEW HARDY SPACES OF MUSIELAK-ORLICZ TYPE 13 

Then there exists a unique bounded B^-sublinear operator T from H'^{W^) to 
B.y which extends T. 

4. Some basic lemmas on growth functions 

We start by the following lemma. 

Lemma 4.1. i) Let ip he a growth function. Then is uniformly a-quasi- 
subadditive on M" x [0, oo), i.e. there exists a constant C > such that 

oo oo 

p{x,^tj) < C^p{x,tj), 

for all {x, tj) G X [0, oo), j = 1, 2, ... 

a) Let if he a growth function and (p{x,t) := Jq* ^^^(is for {x,t) E M" x 
[0,oo). Then ip is a growth function equivalent to p, moreover, ^(x, ■) is 
continuous and strictly increasing. 

Hi) A Musielak-Orlicz function p is a growth function if and only if p is of 
positive uniformly lower type and uniformly quasi- concave, i.e. there exists a 
constant C > such that 

Xip{x, t) + (1 - X)(p{x, s) < Cp{x, At + (1 - A)s), 

for all X G M", t, s G [0, oo) and A G [0, 1] . 



Proof, i) We just need to consider the case when ^JLitj > 0. Then it follows 
from the fact that 



p{x,^tj) < CLp{x,tk) 



y^oo , 

^i=l ''J j=l 

by (f is of uniformly upper type 1. 

ii) Since p is a growth function, it is easy to see that p{x, ■) is continuous and 
strictly increasing. Moreover, there exists p > such that (p is of uniformly 
lower type p. Hence, 

t t 
(4.1) p{x^) = I ^^ds < j ^/s < Cp{x,t). 



On the other hand, since p is of uniformly upper type 1, we get 



t t 



(4.2) p{x, t) = j ' ds > j ^-^Y^ds > C-'p{x, t). 



Combining (14. ip and (14. 2p . we obtain p ^ p, and thus ^ is a growth function, 
iii) Suppose p is a. growth function. By (ii), p is equivalent to p. On the 

other hand, ^{x,t) = "f^^^ is uniformly quasi-decreasing in t. Hence, p is 
uniformly quasi-concave, and thus is p. 
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The converse is easy by taking s = 0. We omit the details. □ 
Remark 4.1. Let us observe that the results stated in Section 3 are invariant 



under change of equivalent growth functions. By Lemma 4jJ_< in the future, 
we always consider a growth function ip of positive uniformly lower type, of 
uniformly upper type 1 (or, equivalently, uniformly quasi-concave), and so that 
(p{x, ■) is continuous and strictly increasing for all x G M". 

Lemma 4.2. Let ip be a growth function. Then 
i) j ip{x, p^)^^ = 1 for all f G L^M") \ {0}. 

it) hmA;_^oo ll/fclU^ = if and only z/hnifc^oo /r„ P^x, \fk{x)\)dx = 0. 
Proof. Statement (i) follows from the fact that the function 

m ■■= J ¥>ix,t\f{x)\)dx, 

t G [0, oo), is continuous by the dominated convergence theorem since ip{x, ■) 
is continuous. 

Statement (u) follows from the fact that 

L'P<Cmax\ [ ip{x,\f{x)\)dx,( [ (p{x,\f{x)\)dx'^ 



and 

|/(x)|)da; < Cmax ^ ll/IU., (II/IU.^^ 



for some p G (0, i ((/))). □ 

Lemma 4.3. Given c is a positive constant. Then, there exists a constant 
C > such that 

i) The inequality J^„ p(^x, ^-^^^dx < c, for A > 0, implies 

\\f\\L.<CX. 

a) The inequality J2j '^{^j^ a") — for A > 0, implies 
inf |a > : ^¥^(^5^,^) - ^} - 

3 

Proof. The proofs are simple since we may take C = (1 + c.Cp)^/^, for some 
p G {Q,i{ip)), where Cp is such that (12.1 p holds. □ 
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Lemma 4.4. Let {ip, q, s) be an admissible triplet. Then there exists a positive 
constant C such that 

oo 

\\bj\\L%{B,)\\XB,\\L'^ < CKq{{hj}), 

i=i 

for all f = Yl^=i^j ^ where bj's are multiples of {ip,q, s)- atoms 

supported in balls Bj 's. 

Proof. Since (p is of uniformly upper type 1, there exists a positive constant 
c > such that 

v^oo ||, II n n — > c ^oo ||, II n n — ^ n — 

^ l^j=l\Wj\\Ll{Bj)\\XBj\\L^^ 2^j=l\\0j\\Ll{B,)\\XBj\\L^ V \\XbA\l^ 

for all X G R", i>l. Hence, for all i > 1, 

( \M\l%{B,) \ ^ \\b^\\Ll{B,)\\XB^\L^ 

v\Bi-, II, II n n — > c 



EOO||7|| II II i - — "-^ v~^oo 1 1 1, 1 1 II II 

j=l \Wj\\Ll{Bj)\\XBj\\L^'' 2^j=i \\t>j\\L''^(B,)\\XB,\\L^ 



since fi^x, j^^^j^^^x = 1 by Lemma 1121 It follows that 



ip[Bi, — ] >C. 

^ l^j=i bj l^^{b,)\Xb, 



i=l 

We deduce from the above that 

oo 



J2 \\bj\\LUB,)\\XB,\\L^ < CAg{{bj}), 



with C = (1 + Cp/cy/'f for some p e {0,i{ip)), where Cp is such that (EHj) 
holds. □ 

Lemma 4.5. Let (p G Ag, 1 < g < oo. Then, there exists a positive constant 
C such that 

i) For all ball B{xq, r), X > 1, and t G [0, oo), we have 
ip{B{xo,Xr),t) <CX^''<f{B{xo,r),t). 
a) For all ball B{xo,r) and t G [0, oo), we have 



Hi) For all ball B, f measurable and t G (0, oo), we have 

^ j \f{x)\dx)' < C^^^ I \f{x)\''^{x,t)dx. 

B B 
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iv) For all f measurable and t G [0, oo), we have 

j Mf{xY^{x,t)dx <C j \f{x)\''^{x,t)dx, 

where Ai is the classical Hardy-Littlewood maximal operator defined by 
Mfix)= sup ^ / \f{y)\dy, xeM". 

xeB-ball \-D\ J 
B 

In the setting ip{x, t) = w{x)^(t), w ^ Aoo and $ a Orlicz function, the above 
lemma is well-known as a classical result in the theory of Muckenhoupt weight 
(see [23]). Since ip satisfies uniformly Muckenhoupt condition, the proof of 
Lemma [4.51 is a slight modification of the classical result. We omit the details. 

5. Atomic decompositions 

The purpose of this section is prove the atomic decomposition theorem (The- 
orem [3]T]). The construction is by now standard, but the estimates require the 
preliminary lemmas. For the reader convenience, we give all steps of the proof, 
even if only the generalization to our framework is new. 

We first introduce a class of Hardy spaces containing the Hardy space of 
Musielak-Orlicz type i7'^(R") particular case. 

Definition 5.1. Form G N, we denote by H!^(R"') the space of all distributions 
f such that /4 G L'^(M") with the (quasi-)norm 

\\f\\H^^ ■■= \\rj\L^- 

Clearly, //"^(R") is a special case associated with m = m{ip). 

5.1. Some basic properties concerning i7^(R") and H^^'^''^ (W^) . We start 
by the following proposition. 

Proposition 5.1. For m & N, we have H!^{W"') C 5'(R") and the inclusion 
is continuous. 

Proof. Let / G H^{W). For any G >S(R"), and x G 5(0, 1), we write 

(/,0) = /*0(O) = /*^(x), 

where ip{y) = (piy — x) = (f){x — y) for all y G R"'. 

It is easy to verify that sup < 2. Consequently, 

|(/,0)| = |/*^(x)| < 2(-+2)(-+^)||0||5„ 

< 2(™+2)("+^)||0||^J|xB(o,i)|IZill/lli.- 
This implies that / G iS'(M") and the inclusion is continuous. □ 
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The following proposition gives the completeness of if^(M"). 
Proposition 5.2. The space if^(M") is complete. 

Proof. In order to prove the completeness of if^(M"), it suffices to prove that 
for every sequence {fj}j>i with H/jHh^ < 2"-' for any j > 1, the series J2j fj 
converges in i^^(]R"). Let us now take p > such that (p is of uniformly lower 
type p. Then, for any j > 1, 

(5.1) I ^{x, if,Ux))dx < C{2-^f j v(x, ^-^^^)dx < CT^^. 

R" R" 

Since {X]i=i /j}i>i a Cauchy sequence in if^(M"), by Proposition 15.11 
and the completeness of iS'(M"), {X]i=i/«}i>i also a Cauchy sequence in 
(S'(M") and thus converges to some / G iS'(M"'). This implies that, for every 
G 5(M"), the series fj * converges to / * pointwisely. Therefore 

rj?^) < Ejif^Ymix) and (/ - E-=i/,)™(a:) < Ejyk+iifjUx) for all x G 
M", > 1. Combining this and f l5.ip . we obtain 

k 



y"v^(x,(/- J]/,):jx))da; < Cj^l 



{fjy^{x))dx 



j>k+l 

as A; — oo, here we used Lemma [4. II Thus, the series fj converges to / in 
H^{W^) by Lemma [4.2[ This completes the proof. □ 

Corollary 5.1. The Hardy space of Musielak-Orlicz type H'^{M."') is complete. 

The following lemma and its corollary show that q, s)-atoms are in if'^(M") 
Furthermore, it is the necessary estimate for proving that if^'^''^(M'^) C i/'^(]R") 
and the inclusion is continuous, see Theorem 15.11 below. 

Lemma 5.1. Let {ip,q,s) be an admissible triplet and m > s. Then, there 
exists a constant C = C{(f,q,s,m) such that 

¥.(x,/;(x))rfx<Cy.(5,||/|U,(5)), 

for all f multiples of {(p, q, s)-atom associated with ball B = B{xq, r). 

Proof. The case g = oo is easy and will be omitted. We just consider q G 
{q{f), oo). Now let us set B = B{xo, 9r), and write 



^ixj^ix))dx = J (p{xj^{x))dx + J 'p{xj*^{x))dx 

K" B {BY 

= I + 11. 
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/ = J ipixj*^ix))dx < C 

B B 

< Cvp(5,||/|U,(^)) 

+ ( /"|/:,(x)|V(a;,||/IU^,(B))^a;)%(5,||/|U,(^))(''-i)/'' 



B 



< CviB,\\f\\LUB))- 



We used the fact f^{x) < C{m)Mf{x) and Lemma 1^31 

To estimate II, we note that since m > s, there exists a constant C = C{m) 
such that 



t 



E 

\a\<s 



< Ct 



s+l 



I X — Xq I 



n+s+1 



for all (p e 5^(M"), 



t > 0,x e {BY,y e B. Therefore 



\f*U^)\ 



f{y) 



x-y 
t 



< C 



7 1/'^)!^ 

B 



\y-xo\ 



s+l 



n+s+1 



E 

a|<s 

dy 



d-ct>{^) /xo - y 



dy 



< C- 



X - Xo\ 



n+s+1 



|/(y)|V(2/,A)rfy)'^Y [ [^{y,X)]-'/^^-'Uy''^'~'^^' 



B 



B 



< 



C\\f\\Ll{B) 



|x — Xq I 



For any A > 0, we used that ^j^ip{y,\)dy{jj^[ip{y,X)]-^/^'i-^Myy-^ < C\B\'i 
since (p E Ag. As a consequence, we get 



/ r \ n+s+1 

fl{x)<C{m) sup sup|/*0,(x)|<C||/|U,(s) I 1 

(l>eSm{R") t>o \\x — Xo\. 
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By s > m{ip), there exists p G (0, i{(p)) such that {n + s + l)p > nq{(p). Hence, 



by Lemma [4. 5[ 

^{xj:^{x))dx < C [-r—^i) '^ixA\f\\LUB))dx 



{BY {BY 



- (^g^)(n+s+l)p 

This completes the proof. □ 
Corollary 5.2. There exists a constant C = C{(f,q,s) > such that 

< C, 

for all {if, q, s)-atom a. 

Theorem 5.1. Let {ip,q,s) be an admissible triplet and m> s. Then 
moreover, the inclusion is continuous. 

Proof. For any 7^ / G if^'''''^(M"). Let / = bj be an atomic decomposition 
of /, with supp bj C Bj, j = 1, 2, ... For all G iS(M"'), the series bj * 
converges to / *0 pointwise since / = bj in S'. Hence f^i^) ^ J2ji^j)rni^)- 



By applying Lemma 15.11 we obtain 



3 

< c. 



A,({&,}) 



This implies that ||/||//^ < CA.q{{bj}) (see Lemma 14. 3p for any atomic 
decomposition / = Y.j bj, and thus, < C\\f\\H^,i,s. □ 

5.2. Calderon-Zygmund decompositions. Throughout this subsection, we 
fix m and s so that m,s > m{ip). For a given A > 0, we set ^2 = {x G M" : 
fm{x) > A}. Observe that fl is open. Hence by Whitney's lemma, there exist 
Xi,X2, ... in and ri, r2, ... > such that 

(i) Q = UjB{xj,rj), 

(ii) the balls B{xj,rj/A), j = 1,2, are disjoint, 

(in) B{xj, 18rj) nQ^ = (/}, but B{xj, 54rj) n fi'^ ^ 0, for any j = 1, 2, 
(iv) there exists L G N (depending only on n) such that no point of fl lies 
in more than L of the balls B{xj, ISr^), j = 1, 2, ... 
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We fix once for all, a function 6 e C^{W) such that supp ^ C 5(0, 2), < 
e < 1, ^ = 1 on S(0, 1), and set 9j{x) = e{{x - Xj)/rj), for j=l,2,... Obviously, 
supp 9j C B{xj, 2rj), j = 1, 2, and 1 < 9j < L for all x E fl. Hence if we 
set Cj{^) = X^i^i ^j(^) if X E Q and Cj{x) = if x G fi^, j = 1, 2, then 

supp Cj C B{xj, 2rj), <Cj < 1, Ej Cj = Xn, and L'^ < < 1 on B{xj, rj). 
The family {Cj}j forms a smooth partition of unity of Q. let s G N be some 
fixed natural number and Ps(M") (or simply Vg) denote the linear space of 
polynomials in n variables of degree less than s. For each j, we consider the 
inner product {P,Q)j = J^^.,^^ P{x)Q{x)(j{x)dx for P,Q e Vs- Then 

{Vg, (■, is a finite dimensional Hilbert space. Let / G S'. Since / induces a 
linear functional on Vs via Q — )■ j — ^-"-^^^^^ f{x)Q{x)(j{x)dx, by the Riesz 
theorem, there exists a unique polynomial Pj G Vs such that for all Q E Vs, 
{Pj^Q)j = f^^ i;](x)dx /r" fix)Q{x)Cj{x)dx. For each j, j = 1,2,..., we define 

bj = (/ — Pj)Cji and note -B^ = B{xj,rj), Bj = B{xj,9rj). Then, it is easy to 
see that J^„ bj{x)Q{x)dx = for all Q G Vs- It turns out, in the case of interest, 
that the series bj converges in S'. In this case, we set 5^ = / — bj, and 
we call the representation f = g + J2j a Calderon-Zygmund decomposition 
of / of degree s and height A associated to 

For any j = 1,2,..., we denote Bj = B{xj,rj) and Bj = B{xj,9rj). Then 
we have the following lemma which proof can be found in f2U{ Chapter 3]. 

Lemma A. There are four constant ci, 02,03,04, independent of f,j, and X, 
such that 

^) 

sup rj°' I (9°Cj (a;) I < Ci . 

\a\<N,xeMJ^ 

a) 

sup \Pj{x)Q{x)\ < C2A. 

Hi) 

(bjTmix) < C3fZ{x), for all x G Bj. 

iv) 

(bjYmix) < cA{rj/\x - for all x i Bj, 

where rris = min{s + l,m + 1}. 

Lemma 5.2. For all f G i/^(]R"), there exists a geometric constant C , inde- 
pendent of f,j, and X, such that, 

j <^(a;, ibjy^{x)^dx <C j ip{x,f^{x))dx. 
Moreover, the series '^jbj converges in H!^{R"-), and 
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Proof. As m,s> m{Lp), rris = min{s + l,m + 1} > n{q{ip) / i{ip) — 1). Hence, 
there exist q > q{ip) and < p < i{(p) such that rris > n{q/p — 1), deduce that 
(n + ms)p > nq. Therefore, (p e ^(n+ms)p/n and ip is of uniformly lower type p. 
Thus, there exists a positive constant C, independent of f,j, and A, such that 

(p{x,X{rj/\x-Xj\)''+"'^)dx < C J (^3^) (p{x,X)dx 



{n+rus 



< c j ^{x, r^{x))dx, 



since rj/\x — Xj\ < 1 and > A on Bj. Combining this and Lemma A, we 
get 



< c j ^{x,r^{x))dx. 

Bj 

As a consequence of the above estimate, since ^ L and Q = ^jBj, we 

obtain 

< c j p{x, r^{x))dx. 

a 

This implies that the series Ylj converges in H!^{W^) by completeness of 
H;^{W). Moreover, 

J ^{x,{J2b,Ux)yx<cJ ^{xj*^{x))dx. 

□ 
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Let q G [1,cxd]. We denote by L^j, -^^(M") the usually weighted Lebesgue 
space with the Muckenhoupt weight ip{x, 1). Then, we have the following. 

Lemma B (see [9], Lemma 4.8). Let q G {q{(p), oo]. Assume that f G 
L^j. -^^(M'^), then the series J^j^j converges in L^j. -^^(R'^) and there exists a 
constant C, independent of f,j, and X such that \\ 16^111^9^ < C||/||i'?^ 

Remark 5.1. By Lemma B, the series Ylj\^j\> ^^'^ ^^'"■^ series Ylj^j> 
converges almost everywhere on R". 

Lemma C (see [20], Lemma 3.19). Suppose that the series bj converges in 
(S'(R"). Then, there exists a positive constant C, independent of f,j, and X, 
such that for all x G R", 



9*^{x) < CXJ2[] + /;(^)Xnc(x). 

^—^ \ \X — Xj\ + TjJ 



Lemma 5.3. For any q G (g((^), oo) and f G H^{W). Then g*^ G L^(.^^)(R"), 
and there exists a positive constant C, independent of f,j, and X, such that 

j[gUx)]MxA)dx <CX'^m^^{l/XMX^} j ^{xj*^{x))dx. 
Proof. For any j = 1, 2, ... and x G R", we have 

L-jA + rJ = \B(x..\x-xA+rA\ / Xs^dv < MixB,)ix) 



I X X j I I I L^ ^x j 5 1 X X j I I j ) 

since Bj C B{xj, \x — Xj\ + r^). 

Therefore, by JJ^^^^ ^^-boundedness of vector-valued maximal functions (see 
[ll Theorem 3.1]), where r := (ra + m^jn > 1, we obtain that 

/[E(^3^i-7r)"'""iV(x,i)rfx < /[($^(A^(xB,)(x))^)'^]"^(x,i)rfx 

< c^.,./ \(J^{xBA^)rY'\\{x^)dx 

< Cs_qL y (y9(x, l)(ix 

< Cmax{l/A, l/A^} /¥?(x,/^(x))rfx 
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for some p G (0, since G Ag C A^g and > A on Vt. Combining this, 
Lemma C and the Holder inequahty, we obtain 



[gl,{x)]'^^{x^)dx < CA^max{l/A,l/AP}y v.(a:,/;(x))rfx + C /[/;;(x)]V(x 
< CA^maxjl/A.l/AP} 



Here we used f^{x) < A and ip{x,X)/X'^ < Cip{x, f^{x))/[f^{x)]'^ for all x G 

n". □ 

Proposition 5.3. For any q G {q{(p), oo) and m > m{ip). The subspace 
L^(.^^)(M") nif^(M") IS dense m H^{W). 

Proof. Let / be an arbitrary element in if^(M"). For each A > 0, let / = 
+ '^jbj be the Calderon-Zygmund decomposition of / of degree rn{(p), 
and height A associated with Then by Lemma [5.21 and Lemma [5.31 G 
LJ,(.^^)(R'^) ni/^(M"), moreover, 

^{x, {g^ - fY^{x))dx <C j (fi{x, f^{x))dx 0, 

K" /;^(x)>A 

as A — 7- oo. Consequently, \\g^ — fWu^ ^ as A — t- oo by Lemma W% Thus 
LJ(.^^)(M") n H^iW) is dense in H^{W). □ 

5.3. The atomic decompositions if^(R"). Recall that m,s > m{(f), and / 
is a distribution such that G L'^(]R"). For each k e Z, let f = g^ + J^j be 
the Calderon-Zygmund decomposition of / of degree s and height 2^ associated 
with f^. We shall label all the ingredients in this construction as in subsection 
15.21 but with superscript k's: for example, 

Q' = {xeR'': r^{x) > 2'}, h) = (/ - F,^)C^ B] = B{x), rj). 

Moreover, for each k E Z, and let Pj'j'^ be the orthogonal projection of 
(/ - Pj^^)Ci onto Vs with respect to the norm associated to Cj"*"^, namely, the 
unique element of Vg such that for all Q eVs, 



{f{x)-P^'^\x))C^{x)Q{x)C^^'{x)dx = J Pt;\x)Q{x)C;+\x)dx. 

For convenience, we set 13 j = B{xj, 2r^). Then we have the following lemma. 

Lemma D (see [20], Chapter 3). i) If B^^^ n 5f ^ 0, then rj=+i < 4rf and 
C 5(x,^18rf). 

ii) For each j there are at most L (depending only on n as in last section) 
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values ofi such that B-^' n Bf ^ 0. 

in) There is a constant C > 0, independent of f,i,j, and k, such that 

sup \p!';\xK';''\x)\ < C2'^\ 



iv) For every k E "L, Pt,j^^Cj^^) = 0, where the series converges point- 

wise and in 5'(M"). 

We now give the necessary estimates for proving that if^(]R") C if^'°°'^(]R"), 
m > s > m{(f), and the inclusion is continuous. 

Lemma 5.4. Let f G if^(M"), and for each k e Z, set 

Q' = {xeR'': flix) > 2'}. 

Then for any A > 0, there exists a constant C , independent of f and X, such 
that 



k=—oo 



Proof. Let p G (0,2((y9)) and Cp is such that (12.11) holds. We now set A^^o = 
[{\og^C.p)/p\ + 1 so that 2^«P > Cp. For each £ G N, < £ < A/'o - 1, we 

consider the sequence = X^fcL-m V^(^^"^'^^' ^~X~") • Obviously, {f/^}mgN 
is an increasing sequence. Moreover, for any m G N, 



k=—m k=—m 



1 oAfo(m+l)+^ r,Noi-m)+e 



m 



< 3^ui+ (2-^ + 1) fJxJ-^]dx. 



This implies that < /(2^op) /r" V^(^5 ^^^^^^jc/x. Consequently, 



A:=-cxD e=0 



where C = i_c^^(2'^op) independent of / and A. □ 

Theorem 5.2. Let m > s > m{ip). Then, H^{W) C H^^^''{W) and the 
inclusion is continuous. 
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Proof. Suppose first that / e L^(._^)(M") n H^{R'') for some q G (g((^),oo). 
Let f = + bj be the Calderon-Zygmund decompositions of / of degree 
s with height 2*^, for /c G Z associated with By Proposition I5.3[ ^ f in 
H!^{W^) as — )■ oo, while by |9|, Lemma 4.10], g'' ^ uniformly as A; — )■ — oo 



since / G L^^^JW). Therefore, / = E-oo(^''^^ - g^) 5'(M"). Using 



|20l Lemma 3.27] together with the equation C ^ = Xn^by' = b^ by 
supp6)+^ C VL^+^ C we get 



i j 



where all the series converge in 5'(R") and almost everywhere. Furthermore, 

(5.2) hi = if- Pt)c^ - E ((/ - - p',^')cf'-'- 

j 

From this formula it is obvious that J^„ h^{x)P{x)dx = for all P G 
Vs. Moreover, = Cf/X(n^+i)c - + Cf ^'^'Cf' + P'^\'^\ 

by EjCf^^ = XQfc+i- But < C(m)/4(x) < C2'=+i for almost every 

X G {n^+'^y, so by Lemmas 3.8 and 3.26 of [20], and J2j Cj^^ < L, 

(5.3) \\h-\\L^ < C2^+^ + C2'= + CL2'=+^ + CL2'=+i < C2^ 

Lastly, since /^^^ = unless 5f n 5^^+^ ^ 0, it follows from and j^Hl 
Lemma 3.24], that /if is supported in i?(xf,18rf). Thus /if is a multiple of 
{if, oo, s)-atom. Moreover, by 05. 3p and Lemma [5.41 for any A > 0, 



EJ]v'(5(xf,18rf),MJkl) < ^L^(^]^C27A) 

< C j if(y:,^^)dx <oo. 
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Thus the series Ylkez Yli converges in H^^°°'^{M.'^) and defines an atomic 
decomposition of /. Moreover, 

< c. 

Consequently, 11/11^--= ^ ^oo^]) < by LemmaiJl 

Now, let / be an arbitrary element of if^(]R"). There exists a sequence 
{/,}£>! C n Hl{W) such that / = YZif^ in Hl{W) (thus in 

S'{W)) and WUWh-^ < 22-1/11^. for any i > 1. For any i > 1, let /, = he 
be the atomic decomposition of fi, with supp bj^i C -B-,/ constructed above. 
Then / = Yl'eLi ^j/ atomic decomposition of /, and 



/? — 1 n \\J wrirn fj — 1 A 



j \\J \\£2m i=l i W J W n-rn 

oo ^ 

1=1 ^ ' 

where Cp is such that (12. ip holds. Thus / G ifat'°°'*(^"')) moreover, 

||/lk--=<Aoo({M)<C||/llH:^; 
by Lemma [4. 3 [ This completes the proof. □ 

Proof of Theorem 13. IL By Theorem 15.11 and Theorem 15. 2[ we obtain 



at 



and the inclusions are continuous. Thus if '^(M") = if^ (M") with equivalent 
norms. □ 



6. Dual spaces 

In this section, we give the proof of Theorem 13. 2[ In order to do this, we 
need the below lemma, which can be seen as a consequence of the fact that 
(p{-,t) is uniformly locally integrable. We omit the details here. 

Lemma 6.1. Given a ball B, and {Bj}j he a sequence of measurable subsets 
of B such that lim \Bj\ = 0. Then the following holds 

hm sup ^7^^ = 0. 

i^oo t>o <f{B,t) 
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We next note that if b G EMC^dR") is real- valued and 

if b{x) > N, 
biv(x) = <j b(x) if \b{x)\<N, 
if b(x) < -N, 

then by using the fact 

\\f\\BMO^ < sup --—Ji — ^ / / \f{x) - f{y)\dxdy <2\\f\\BMO^, 

B-ball IIXbIILv \-D\ J J 
B B 

we obtain that || bAr||B^/o¥' < 2||b||5A/o^ for all > 0. 

Proof of Theorem i) It is sufficient to prove it for b G BMO'^{W^) real- 
valued since b G 5M0^(R") iff b = bi+iba with bj G fiMO^(R'^) real-valued, 
J = 1,2, moreover 

||b||_BMO'/' ~ llbillsAfOv + II b2||BAfO¥'- 

Suppose first that b G SMO^(M") n L°°(R"). Then, the functional 

^b(/) = j fix)b{x)dx 

is well defined for any / G Lg°(M") since b G Ll^iW). 

Furthermore, since / G Lg°(M") C ^^(M'^) fl if^(]R"), we remark that the 
atomic decomposition / = J2kGZ ^^e proof of Theorem 15.21 is also the 

classical atomic decomposition of / in if^(]R"), so that the series converge in 
H^(W) and thus in L^(M"). Combining this with the fact b G L°°(M"), we 
obtain 

L,{f) = j f{x)b{x)dx = J2Yl / hKx)Hx)dx. 
Therefore, by Lemma [4.41 and the proof of Theorem 15. 2[ 
l^b(/)| = I J f{x)b{x)dx\ < J2J2\J h'l{x)b{x)dx 

= / f^iix){Hx) -i>B{x1,18rf)ix))dx 

< ||b||BA/0*' ^ ^ ll^i'IU°°IIXB(x*,18rf)IU*' 

fcez j 

< C||b||BAfO.Aoo({/i!=}) 

< C'll b||BAW^ ll/ll//*'- 

Now, let b be an arbitrary element in 5M0'^(M"). For any / G L§°(R"), it 
is clear that \ fb(\ < \ fb\ G L^{W) for every ^ > 1, and /(x)b^(x) ^ /(x)b(x). 
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as £ — )■ oo, for almost every x G M". Therefore, by the dominated convergence 
theorem of Lebesgue, we obtain 

\Lb{f)\= ! f{x)b{x)dx =\im ! f{x)b,{x)dx <C\\b\\BMoA\f\\H^. 

J i^oo J 

since Hb^UBMO-^ < SUbllBMO-^ for all ^ > 1- 

Because of the density of L^{W^) in i7'^(M"), the functional L^, can be ex- 
tended to a bounded functional on i7'''(R"'), moreover, < C|| bllsA/o'^- 

ii) Conversely, suppose L is a continuous linear functional on //"^(R") = 
if^''^'°(M") for some q G {q{if), oo). For any ball B, denote by L^q(-B) the 
subspace of L'j^{B) defined by 

KAB) ■■= {/ e LliB) : J f{x)dx = O}. 
Obviously, if Bi C B2 then 

(6.1) Ll{B{) d Ll{B,) and L^^,o(i?i) C L^^^oM- 

Moreover, when / G iv^,o(^) \ {0}^ = IIxbIIZ^ (b)/(^) ^ 0)" 
atom, thus / G H^^'^iW) and 

Since L G (i/rt'''°(K"))*, by the above, 

for all / G L'^q{B). Therefore, L provides a bounded linear functional on 
L'^q{B) which can be extended by the Hahn-Banach theorem to the whole 
space L'^{B) without increasing its norm. On the other hand, by Lemma (6.11 
and Lebesgue- Nikodym theorem, there exists h G L^{B) such that 

Hf) = j f{x)h{x)dx, 

R" 

for all / G (5). 

We now take a sequence of balls {Bj}j>i such that Bi G B2 C ■ ■ ■ C Bj C 
■ ■ ■ and UjBj = W^. Then, there exists a sequence {hj}j>i such that 

hj G L^iBj) and = j f{x)hj{x)dx, 
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for all / e L^oiB,),J = 1,2,... Hence, for all / e L~ C (^2) (by 



J f{x)hi{x)dx- J 



f{x){hi{x)-h2{x))dx = / f{x)hi{x)dx- / f{x)h2{x)dx = L{f)-L{f) = 0. 



As fB,=Oiff e L~o(Si), we have 

f{x)(^{hi{x) - h2{x)) - {hi - h2)B^dx = 



for all / e L'^^oiBi), and thus for / e L'^{Bi). Hence, 

— /i2(a;) = {hi — /i2)bi , a.e x e Bi. 
By the similar arguments, we also obtain 
(6.2) hj{x) - hj+i{x) = {hj - hj+i)B^ 

a.e X G Bj^i = 2, 3, ... Consequently, if we define the sequence {hj}j>i by 
hi = hi 

hj+i = hj+i + (hj - hj+i)B^ , j = 1, 2, ... 
then it follows from (16.21) that 

hj E L^{Bj) and hj^i{x) = hj{x) 
a.e X G Bj,j = 1, 2, ... Thus, we can define the function b on by 

b(x) = hj{x) 

if X G -Bj for some j > 1 since Bi C B2 C ■ ■ ■ C Bj C ■ ■ ■ and Uji?^ = M''. 
Let us now show that b G 5AfO'^(M") and 

Hf) = I f{x)b{x)dx, 



for all / G L^(M'^). 

Indeed, for any / G Lg°(M"), there exists j > 1 such that / G L^,o{Bj). 
Hence, 



L(/) = y f{x)hj{x)dx = J f{x)hj{x)dx = J f{x)b{x)dx. 

R" Bj M" 

On the other hand, for all ball B, one consider / = sign(b — bs) where 
sign^ = ^/l^l if ^ 7^ and signO = 0. Then, 

a = ^WXBWllif - fB)XB 
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is a (v?, oo, 0)-atom. Consequently, 

= ^IIXsllZ^ j b{x){f{x) - fB)xBix)dx 

[b{x) - bB)f{x)dx 



1 1 



2 WxbWl* 



2 IIxbIIl^ 

B 



B 



\b{x) — bsldx 



< 11-^11 (/f'^')* II c^lli^v ^ C||-^|| (_f/'^)* 

since L G (if'^(M'^))* and Corollary 5.2. As B is arbitrary, the above implies 
b e BMO^(R") and 

||b||_BAfO^ < C||-^||(//'^)*. 

The uniqueness (in the sense b = b if b — b = const) of the function b is 
clear. And thus the proof is finished. □ 

7. The class of pointwise multipliers for BM0{M."') 

In this subsection, we give as an interesting application that the class of 
pointwise multipliers for 5M0(]R") is just the dual of L^(M") + iJ'°s(]R") where 
if^°s(M") is a Hardy space of Musielak-Orlicz type related to the Musielak- 
Orlicz function 9(x,t) = — . , , i^*, , — tttt- 

We first introduce log-atoms. A measurable function a is said to be log-atom 
if it satisfies the following three conditions 
• a supported in B for some ball B in R", 
log(e+ ^) + sup^gBlog(e+ |x|) 



a{x)dx = 0. 



\B\ 



To prove Theorem 13.31 we need the following two propositions. 

Proposition 7.1. There exists a positive constant C such that if f is a 9-atom 
(resp., log-atom) then C^^f is a log-atom (resp., 9-atom). 

Proposition 7.2. On BMO^°^{W), we have 

log(e + p|) + sup^gB log(e + 



BMO^°s 



sup — / |/(a;) - fB\dx < oo 



B-ball 



\B 



We first note that ^ is a growth function that satisfies nq{9) < {n + 1)^(6') 
in Theorem 13.21 More precisely, 6* G Ai and 9{x, ■) is concave with i{9) = 1. 
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Proof of Proposition 17.11 Let / be a log-atom. By the above remark, to 
prove that there exists a constant C > (independent of / and which may 
change from hne to line) such that C^^f is a ^-atom, it is sufficient to show 
that there exists a constant C > such that 

log(e+ T^) + sup^g5log(e+ |a;|)N 
Oyx, — jdx < C 

B 

or, equivalently, 

151 < C, 



\B\ 



log(e + ^°^^^+lk^+'''^P-<^B^ogie+\x\) ^ ^ sup^gs log(e + \x\) 

since ^ G Ai. However, the last inequahty is obvious. 

Conversely, suppose that / is a 6'-atom. Similarly, we need to show that 
there exists a constant C > such that 

/ log(e+ ri|) + sup^gBlog(e+ |a;|)x 
U\ x,C — — ]dx > 1 



B 



or, equivalently, 

C 



B 



log(e+j^)+sup^gs log(e+|a::|) 
\B\ 



log(e + (g ^°g(^+|B|)+'^"Ppa'°g(^+l'"l) ^ ^ sup^gB log(e + |x|) 



151 > 1. 



However it is true. For instance we may take C = 3. □ 

Proof of Proposition 17.21 It is sufficient to show that there exists a con- 
stant C > such that 

logr|+log(e+|x|)) < log (e+-—^ — -t]+ sup \og(e+\y\) < C(\ logr|+log(e+|a;|)). 

V \B{x,r)\J y(.B(x,r) 

The ffist inequality is easy and shall be omited. For the second, one ffist 
consider the 1 dimensional case. Then by symmetry, we just need to prove 
that 

log(e + 1/(6 - a)) + sup log(e + |a;|) < C(| log(6 - a)/2| + log(e + \a + b\/2)) 

x£[a,b] 

for all 6 > 0, a G [—6, b) C M. However, this follows from the basic two 
inequalities: 

log(e + 1/(6 - a)) < 2(1 log(6 - a)/2| + log(e + \a + 6|/2)) 

and 

log(e + 6) < 51og(e + 6)/2 < 5(| log(6 - a)/2| + log(e + |a + 6|/2)). 
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For the general case M", by the 1- dimensional result, we obtain 



/ 1 \ 2" " / 



1 



1=1 



n 



< C^(|logr| +log(e+ 



i=l 



< C(|logr| +log(e+ |a;|)) 



where Cn = \B{0,1)\, and 



sup \og{e + \y\) < ^ sup \og{e + \yi 

y&B{x,r) yi&[xi-r,Xi+r] 



< 



C^(|logr| +log(e+ 



i=l 



< C(| logr| + log(e+ |x|)) 

where x = {xi, ...,Xn),y = {yi, ■■■,yn) ^ 1^"- This finishes the proof. □ 

Proof of Theorem 13.31 By Theorem 13.11 Theorem 13.21 Proposition 17.11 and 
Proposition [721 we obtain (i/'°s(M"))* = 5M0'°s(M"). We deduce that, the 
class of pointwise multipliers for 5M0(M") is the dual of ^^(M") + //^"^(M"). 

□ 

8. Finite atomic decompositions and their applications 
We first prove the finite atomic decomposition theorem. 
Proof of Theorem [SH Obviously, if|„'^''(M") C H^{W) and for all / e 

Thus, we have to show that for every q G {q{!f),oo) there exists a constant 
C > such that 

for all / G H^^'^{W^) and that a similar estimate holds for q = oc and all 
/ G i/^^°°''(M") nC(R'^). 

Assume that q G (g((y9),oo], and by homogeneity, / G H^^'^(W^) with 
II/IIh-^ = 1- Notice that / has compact support. Suppose that supp / C 
B = B{xo,r) for some ball B. Recall that, for each G Z, 

Qf^ = {xeR'': f*{x) > 2''}. 

Clearly, / G LJ(.^^)(M") n where q = q if q< oo, q = q{^) + 1 

if g = oo. Hence, by Theorem 15. 2[ there exists an atomic decomposition 
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/ = T.k&T.ih'l e H^f^''{W) C where the series converges in 

5'(M") and almost everywhere. Moreover, 

(8.1) k,m}) < Aooiihl}) < C\\f\\H. = C. 

On the other hand, it follows from the second step in the proof of Theorem 
6.2 of pj that there exists a constant C > 0, depending only on m{ip), such 
that f*{x) < C inf f*{y) for all x G B{xo, 2rY. Hence, we have 

rix) < c inf r(y) < c\\xB\\ii\\n\L. < cubWiI 

for all X G B{xo, 2rY. We now denote by k' the largest integer k such that 
2'<5||Xs||Z^- Then, 

(8.2) fifc C 5(xo, 2r) for all k > k'. 
Next we define the functions g and i by 

k<k' i k>k' i 

where the series converge in 5'(M") and almost everywhere. Clearly, f = g + i 
and supp i C Ukyk'^k C B{xo, 2r) by flOj) . Therefore, = / = in i?(a;o, 2rY, 
and thus supp (7 C B{xq, 2r). 

Let 1 < g < then G A^/g. Consequently, 

B \ ' B ) 

by Lemma [4.51 if q < 00 and it is trivial if g = 00. Observe that supp f C B 
and that / has vanishing moments up to order s. By the above, we obtain 
that / is a multiple of a classical (l,g, 0)-atom and thus /* G L^(R"). Hence, 
it follows from (18.21) that 

/ E E \hKx)x''\dx < Ci\xo\ + 2ry ^ 2'\n,\ < C(|xo| + 2r)^||r |Ui < 00, 

for all I a I < s. This together with the vanishing moments of /if implies that i 
has vanishing moments up to order s and thus so does g hj g = f — i. 
In order to estimate the size of g in B{xo, 2r), we recall that 

(8.3) lU- < C2'' , supp /if C B{xl 18rf) and ^ Xij(x^i8rf) < C- 

i 

Combining the above and the fact ~ ||XB(xo,2r) we obtain 

k<k' 
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This proves that (see Definition I2.4p 

(8.4) C~^g is a ((y9, oo, s)— atom. 

Now, we assume that q G {q{f), oo) and conclude the proof of (i). We first 
verify Ek>k'Eih'i G (S(xo, 2r)). For any x G M", since M" = Uk^zi^k \ 
fik+i), there exists j G Z such that x G Qj\ Qj+i. Since supp C Qk C. flj+i 
for k > j + 1, it follows from (18.31) that 

k>k' i k<j 

Since / G L^(5) C L^(5(xo, 2r)), we have /* G LJ(5(xo, 2r)). As ip 
satisfies uniformly locally dominated convergence condition, we further obtain 
Z]fc>fc' Zli converges to i in L'^^{B{xo, 2r)). 

Now, for any positive integer K, set Fx = {{i,k) : k > k', \i\ + \k\ < K} 
and Ik = '^(i,k)eFK ■ Observe that since J^kyk'J^i^i converges to £ in 
L'^{B{xo,2r)), for any e > 0, if i^' is large enough, we have e~^{i — ix) is a 
{ip, q, s)-atom. Thus, f = g + £k + — (-k) is a finite linear atom combination 
of /. Then, it follows from ([HI]) and ([83D that 

ll/lk-- < C{C + A,({/.n(.,.).Fj + e) < C, 

which ends the proof of (i). 

To prove (ii), assume that / is a continuous function in H'^^'^iW^), and thus 
/ is uniformly continuous. Then, is continuous by examining its definition. 
Since / is bounded, there exists a positive integer k" > k' such that fi^ = 
for all k > k". Consequently, i = Yl,k'<k<k" Si 

Let e > 0. Since / is uniformly continuous, there exists 5 > such that if 
\x -y\< 5, then |/(a:;) - f{y)\ < e. Write £ = £f + £| with 

{i,k)€Fi {i,k)€F2 

where Fi = {{i, k) : Crf >5,k'<k< k"} and F2 = {{i, k) : Crf <S,k' <k< 
k"} with C > 36 the geometric constant (see |42|). Notice that the remaining 
part il will then be a finite sum. Since the atoms are continuous, £1 will be a 
continuous function. Furthermore, < C{k" — k')e (see also [12])- This 

means that one can write i as the sum of one continuous term and of one which 
is uniformly arbitrarily small. Hence, i is continuous, and so is g = f — i. 

To find a finite atomic decomposition of /, we use again the splitting i = 
£\ + £|. By (18.11) . the part £f is a finite sum of multiples of (</), 00, s)-atoms, 
and 

(8.5) IKflk--- < ^ooiihl}) < CWfWu. = C. 

By £, ^\ are continuous and have vanishing moments up to order s, and thus 
so does il = i- il Moreover, supp £^ C B{xo, 2r) and < C{k" - k')e. 
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So we can choose e small enough such that £3 iiito an arbitrarily small multiple 
of a continuous (v?, 00, s)-atom. Therefore, / = (yf + £f + £| is a finite linear 
continuous atom combination of /. Then, it follows from (18. 4p and flS.Sp that 

||/||^^^,oo,s < C(||5(||^^^oo,. + 11^1 ll//;^.-'- + UI\\h^^°°-') < C. 
This finishes the proof of (ii) and hence, the proof of Theorem 3.4. 

□ 



Next we give the proof for Theorem 13.51 

Proof of Theorem 13.51 Suppose that the assumption (i) holds. For any 
/ G H^^'^{W^), by Theorem 13. 4[ there exists a finite atomic decomposition 

/ = Yl^=i ^j^^jy where a/s are ((/?, g, s)-atoms with supported in balls B/s, 
such that 

A.({A,a,}?=i) = inf|A>0:^^(i?„ 

Recall that, since ip is of uniformly upper type 7, there exists a constant 
C-y > such that 



A 



)<l[<C||/|| 



(8.6) 



^{x, St) < C^s''^{x, t) for all x eW,s>l,t e [0, 00). 



If there exist jo £ {l? ^} such that C^|Aj(,|'^ > Yl'j=i l^jV^ then 



I\-|||xbJl 



-1 



JO 



1. 



Otherwise, it follows from (18. 6 p that 



The above means that 

k 



17 



1/7 



<Cy^A,({A,a,lU<C||/|| 



Therefore, by assumption (i), we obtain that 



\\Tfh 



< 



1/7 



<C^II/II 



Since ifgj^''''^(]R") is dense in //'^(R"), a density argument gives the desired 
result. 

The case (ii) is similar by using the fact that ifgj^°°'^(]R") fl C(]R") is dense 
in i7|^°°'"(M") 



in the quasi-norm || ■ \\h'p, see the below lemma. 



□ 
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We end the paper by the following lemma. 

Lemma 8.1. Let ip be a growth function satisfying uniformly locally dom- 
inated convergence condition, and {ip, oo, s) be an admissible triplet. Then, 
H^^'^'-'iW) n C~(R'^) is dense in H^;^°°''{W) in the quasi-norm \\ ■ \\h^. 

Proof. We take q G {q{p),oo) and (f) G 5(]R") satisfying supp C 5(0,1), 
Jjg„ (t){x)dx — 1. Then, the proof of the lemma is simple since it follows from 
the fact that for every (</?, oo, s)-atom a supported in ball B{xq, r), 

\iin\\a-a*4>t\\Ll{B{xo,2r)) =0 

as </? satisfies uniformly locally dominated convergence condition. □ 
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